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Lattice Knots and Links

The goal of knot theory is to organize, classify and distinguish knots and links. The techniques we
will utilize are relevant in fields as disparate as microbiology, data analysis, as well as theoretical math.
One common method in this field is the use of algebraic objects (e.g., a number, vector space, polyno-
mial, or group) called knot invariants. In this project we will consider the stick number, edge length and
other invariants of lattice knots and links.

Background

A knot is a circle embedded into 3-dimensional Euclidean space. A link is a knot with several
disjoint components. Two knots or links are considered equivalent if one can be smoothly deformed into
the other.

Three equivalent knots

A polygonal knot is a knot which consists of line segments, called sticks. A lattice knot is a polygonal
knot contained in the cubic lattice, i.e. a polygonal knot whose sticks are parallel to one of the x-, y-
or z-axis. Often polymers or circular strands of DNA are modeled as lattice knots. Many classical knot
theory questions have not been translated into this more restrictive context and may prove illuminating
to the study of biomolecules.

A classical trefoil knot and a lattice trefoil knot

Much of the study of lattice knots and links has surrounded how to make them most efficiently: with
the fewest sticks, using the shortest path in the lattice, or with some restriction on the overall hight. Min-
imal edge length conformations of several knots and links are known, but many basic questions remain
open.

Brunnian Lattice Links

ABrunnian link is a nontrivial link that becomes a set of trivial unlinked circles if any one component
is removed. In other words, cutting any loop frees all other loops. The best-known and simplest possible
Brunnian link is the Borromean rings, a link of three unknotted loops.

The Borromean rings and a six component Brunnian link

For every number three or above, there are an infinite number of links with the Brunnian property con-
taining that number of loops.
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Research Questions: What is the minimal number of sticks required in an n-component Brunnian link?

Adams et. al. gave a lattice conformation for the Borromean rings (a 3 component Brunnian link)
with 12 sticks, the minimal possible number of sticks in a three component link. We see that each
component is a square contained in a plane.

A minimal conformation of the Borromean rings

It is not clear, however, that it is possible to create a lattice Brunnian link with more than three com-
ponents with this property.

Research Questions: Is it possible to create a general parameterization of a lattice n-component lattice
Brunnian link? If so, how does the total edge length in the conformation depend on n?

Currently there do not exist examples of lattice Brunnian links of more than 3 components. Using
the above picture of a “rubber band” Brunninan link as inspiration, we will work to find a general con-
formation for any number of components. We will also consider describing conformations with as many
square planar components as possible.

These are just a few questions we might try to approach this summer. No previous background in
topology or knot theory is required to work on these problems.
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