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Knotted surface tabulation via tri-plane diagrams

Knot theory is the study of closed, embedded loops in 3-dimensional space, where each loop
is considered up to smooth deformations that bend, stretch, and twist the loop without breaking
it or passing it through itself. The serious study of knot theory began in the 19th century as
a consequence of Kelvin’s (false) theory that all matter is composed of knotted ether, and that
different knots constitute different types of matter. As a result, knot theorists began to make
a comprehensive list of all low-complexity knots as a sort of rudimentary periodic table. When
Kelvin’s theory was debunked, the study of knots continued independently, despite the absence of
a valid real-world application. We now know, however, that knot theory has deep connections to
physics, chemistry, and biology.

Boiled down to its basic elements, knot theory poses two challenges: How do we decide when
two knots are the same? How do we decide when two knots are different?

The figure above depicts three knots. The leftmost knot is called the unknot, and it has crossing
number zero. The middle knot is called the trefoil, with crossing number three, and the rightmost
knot is the Goeritz knot, with crossing number 11. One fact that might surprise you is that the
unknot and the Goeritz knot are actually the same! In other words, there is a smooth deformation
that takes one to the other. (You could draw a series of pictures, or make the Goeritz knot out of
a piece of string, to convince yourself of this.) More readily believable is the fact that the unknot
and the trefoil are different knots, but to prove this rigorously takes a considerable amount of
mathematics. This is also one of the biggest challenges in knot tabulation: Once you make a list
of all knots with, say, crossing number at most 10, how do you know your list is complete? How
do you know there aren’t any duplicates? (For reference, there are exactly 250 knots with crossing
number at most 10.)

In this project, we’ll look at the tabulation problem in dimension four. Whereas a classical
knot is an embedding of a loop in 3-space, a knotted surface is an embedding of a 2-dimensional
surface (like the surface of the earth or the glaze on a donut) into 4-dimensional space. Picturing
knotted surfaces is quite hard since we (at least most of us) are 3-dimensional beings. However, a
few years ago, my collaborator Jeff Meier and I introduced a brand new decomposition of knotted
surfaces, called tri-plane diagrams. Tri-plane diagrams reduce a knotted surface to three pieces of
3-dimensional data, called tangles. An example of a tri-plane diagram is shown on the next page.
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Research goal: Tabulate knotted surfaces up to 10 (or more) crossings via tri-
plane diagrams

A tri-plane diagram of one of the simplest knotted surfaces

The diagram above represents an embedded 2-dimensional sphere called the spun trefoil. Al-
though this diagram has nine crossings, it is possible to do a sequence of tri-plane diagram moves
to produce another diagram with only six crossings.

Research question: What is the minimal crossing number the spun trefoil? From
this perspective, is the spun trefoil the simplest knotted surface?

Observe that in the sample tri-plane diagram shown above, each of the three tangles consists
of four connected segments, called bridges. The number of bridges is called the bridge number of a
knotted surface, and it is known that any tri-plane diagram with bridge number three or fewer is
equivalent to a trivial knotted surface. Thus, the set of knotted surfaces with bridge number four
is the first interesting class.

Research question: Can we classify all knotted surfaces that have bridge number
four?

These are just a few questions we might try to approach this summer. The project will be
data driven and computational in nature, and there is only so much we can accomplish when we
draw diagrams by hand. For that reason, we will be using the program SnapPy, one of the most
commonly used knot theory programs, to assist in gathering data. Some group members will code
in Python to implement searches for families of tri-plane diagrams.

No previous background in topology or knot theory is necessary to work on this project. These
are intuitive, accessible topics, and we will start from the very beginning.
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