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Harmonic analysis is a foundational area of mathematics that links to the studies of
Fourier series, partial differential equations, complex analysis, operator theory, dynamical
systems, and many other fields. We will focus our attention to a central topic in harmonic
analysis – the theory of weighted inequalities. By a weight, we (essentially) mean a function
w ∶ R → (0,∞). We aim to investigate properties of certain classes of weights of recent
interest that are related to the well-known Muckenhoupt Ap classes.

To motivate this subject, suppose that a (sub)linear operator T satisfies

∫
R
∣Tf(x)∣p dx ≤ C ∫

R
∣f(x)∣p dx

for some p ∈ (1,∞), some C > 0, and all functions f ∶ R → R for which the right-hand side
of the inequality is finite. For such an operator T and p ∈ (1,∞), we wish to determine the
weights w for which

∫
R
∣Tf(x)∣pw(x)dx ≤ C ∫

R
∣f(x)∣pw(x)dx

holds for some C > 0 and all f for which the right-hand side is finite. It is clear that the
function w(x) = 1 is an admissible weight (since then the second inequality is the same
as the first inequality), but what other weights will make the above inequality true? For
many classical operators (such as the Hardy-Littlewood maximal operator and the Hilbert
transform), such weights are characterized by the Muckenhoupt Ap condition: a weight w
is an Ap weight if

sup
−∞<a<b<∞

(
1

b − a
∫

b

a
w(x)dx)(

1

b − a
∫

b

a
w(x)

−1
p−1 dx)

p−1
<∞.

This condition involving average values of w morally asserts that Ap weights behave like
constants on average, uniformly over all intervals. The Ap weights were introduced in [4,7].

While the Muckenhoupt Ap weights have been extensively studied over the last 50 years,
there are many Muckenhoupt-type classes of weights for which little is known. For exam-
ple, in studying Haar multipliers, authors consider the Ap(F ) classes (see [8]); in studying
the Fock projection, authors consider the single scale “restricted” Ap classes (see [2, 5]); in
variable Lebesgue settings, authors consider Ap(⋅) classes (see [3]); in vector-valued settings,
authors consider matrix Ap classes (see [1]); and in studying multilinear operators, authors
consider the multilinear Ap⃗ classes (see [6]). We plan to introduce and study properties of
(and relationships between) classes of weights motivated by these works.

This project could progress in many directions depending on our team’s interests. For
example, we may investigate a subset of the following problems.

(1) Provide an alternative characterization of the restricted Ap classes in terms of av-
erages with respect to the Gaussian measure.

(2) One can show that if F1 ≥ F2, then Ap(F1) ⊆ Ap(F2). Are there examples that show
that this inclusion is strict?
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(3) Is Ap(F ) nonempty when F (Q)→∞ as Q gets large, small, and far from the origin?
What happens when F remains bounded (or approaches 0) in certain directions?
How do the Ap(F ) classes depend on the asymptotic growth rates of F?

(4) Give examples of power weights in the variable Lebesgue Ap(⋅) setting.

(5) Give examples of power weights in the matrix weighted Ap setting for p ≠ 2.

(6) Introduce and investigate properties of restricted Ap(F ) classes.

(7) Introduce and investigate properties of multilinear restricted AP⃗ classes.

(8) Introduce and investigate properties of multilinear AP⃗ (F⃗ ) classes.

Prerequisites to participate in this project are: a strong interest in analysis, one semester
of real analysis or advanced calculus, and one semester of linear algebra. Recommended (but
certainly not required) background includes: two semesters of real analysis, two semesters
of linear algebra, and one semester of complex analysis.
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